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In this paper, we study the quantum walk on the 2D Penrose Lattice, which is intermediate
between periodic and disordered structure. Quantum walk on Penrose Lattice is less efficient in
transport comparing to the regular lattices. By calculating the final remaining probability on the
initial nodes and estimating the low bound. Our results show that the broken of translational
symmetry induces both the localized states and degeneracy of eigenstates at E = 0, this two
differences from regular lattices influence efficiency of quantum walk. Also, we observe the transition
from inefficient to efficient transport after introducing the near hopping terms, which suggests that
we can adjust the ”hopping strength” and achieve a ”phase transition” progress.
I. INTRODUCTION
Quantum walk on a network is a fundamental natu-
ral process since the quantum dynamics of any discrete
system can be reexpressed and interpreted as a single
particle quantum walk, which is capable of performing
universal quantum computation [1]. Given the unique
symmetry for these 2D systems, the transportation be-
havior in 2D can be an attractive topic for us to study.
Quantum walks on graphs provide an abstract setting in
which to study such transport properties independent of
the other chemical and physical properties of a physical
substance. They can thus be used to further the un-
derstanding of mechanisms behind such properties. In
recent years, two types of quantum walks exist in the lit-
erature: the continuous-time quantum walk and discrete-
time quantum coined walk.
Continuous-Time Quantum Walk(CTQW) on simple
structures, such as, Cayley tree [2], line [3] [4], cy-
cle [5] [6] hypercube [7], dendrimers [8] and other reg-
ular networks with simple topology have been investi-
gated. Also, for simple underlying geometries the quan-
tum problem is directly related to well-known models
in polymer and in solid state physics [9]. For instance,
walks on (one-dimensional) chains are readily treated by
a Bloch ansatz [10], [11], [12], when periodic boundary
conditions (PBCs) are implemented. On the other hand,
open boundary conditions (OBCs) appear naturally in
polymer physics in relation to the Rouse-model [13].
Although CTQW received much attention and there
has been some work about CTQW on general graphs,
many questions about CTQW appear to be quite dif-
ficult to answer at the present time. These quantum
walks are analytical solvable and directly related to the
well-known problems in solid state physics. Recently, the
spacetime structures of CTQW on one-dimensional and
two-dimensional lattices with periodic boundary condi-
tions have been studied by Oliver Mu¨lken et al. The
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FIG. 1. Penrose Lattice with ”fat rhombus” and ”thin rhom-
bus”.
topology of the lattices they considered is oversimplified,
i.e., each node is only connected to its two nearest neigh-
bors and the lattices they investigated have translational
symmetry, which equals to regular graphs. For regular
graphs with translational symmetrical, the dynamics of
the quantum transport is determined by the topology of
the network. To this end, it is natural to consider quan-
tum transport on lattices with more connectivity and
more complex topology, for example, two dimensional
quasicrystals without translational symmetry.
Quasicrystals have well-ordered structures [14] (ape-
riodic crystals) which fall outside the realm of classical
crystallography. For classical lattice with translational
symmetry it corresponds to the regular graphs in two-
dimensional condition. A new class of materials without
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2translational symmetry was first discovered in Al-Mn al-
loy in 1984 by D. S. Schechtman [15]. These aperiodic
structures have led to much interdisciplinary activities
and many theoretical studies have investigated the prop-
erties of quasicrystal models [16] [17] [18] [19].
In this paper, we systematically investigated the
CTQW on Penrose Lattice and explicitly explored the
influence of strict localized states on the final distribu-
tion of probability. We then investigated the transport
efficiency and our results showed the highly degenerate
eigenstates and localized states caused by the broken of
translational symmetry contribute to the weaken of quan-
tum acceleration effect. By introducing the near hopping
terms, the efficiency can be enhanced or weakened by
choosing different hopping terms.
The paper is structured as follows: In the next section
we recall the general properties of CTQW on networks.
In Sec. III, we find that both the localized states and high
degeneracy at E = 0 induced by the rotational symme-
try contribute to the inefficient transport. Section. IV
presents the influence of near hopping term on the trans-
port. Conclusions and discussions are given in the last
part, Sec. V.
II. DEFINITION
The hamiltonian of the particle’s quantum walk can
be descirbed the adjacency matrix of the graph[20]. The
tight binding hamiltonian is [21]:
H =
∑
i
|i〉εi〈i|+
∑
i,j
|i〉tij〈j| (1)
where |i〉 denotes a Wannier state localized at node i, and
εi is on-site energy. In our simulation, the elements of
adjacency matrix are equal to the hopping integrals tij .
For Penrose Lattice, the number of nodes is N, labeled as
|1〉 to |N〉, the transition amplitude αk,j(t) from initial
state |j〉 to state |k〉 at time t reads αk,j(t) = 〈k|U(t)|j〉,
where U(t) = exp(−iHt) is the quantum mechanical evo-
lution operator and H is the hamiltonian of the network.
The quantum mechanical transition probability is:
pik,j(t) ≡ |αk,j |2 = |
∑
n
〈k|e−iEnt|ψn〉〈ψn|j〉|2 (2)
the long time average (LTA) is[22]:
χk,j ≡ lim
T→∞
1
T
∫ T
0
dtpik,j(t) (3)
use Cauchy-Schwarz Inequality:
χk,j ≥ lim
T→∞
| 1
T
∫ T
0
dt
∑
n
〈k|e−iEnt|ψn〉〈ψn|j〉|2 (4)
In the limit of T → ∞, only the states in the subspace
En = 0 survive. The return probability Rj , which cor-
responds to the probability on the initial node |j〉 in the
(a) (b)
FIG. 2. The 2 eigenstates found by Kohmoto and Sutherland
[24] with E = 0. Probability amplitude on the green node is
1√
10
, red node is − 1√
10
and circle is zero.
long time limit, reads:
Rj = χj,j ≥
∑
k
|〈ψ0k|j〉|4 (5)
Where ψ0k is the eigenstate of eigenvalue En = 0. From
Eq.5, the low bound of the probability on the initial node
depends on the whether the initial node is on the local-
ized states in the subspace of E = 0. To show that the
probability on the initial node is not zero, we must prove
that |〈ψ0k |j〉|2 is not zero, in other words, the initial site
ought to locate on the sites of ψ0k.
III. CONTINUOUS-TIME QUANTUM WALK
ON 2D PENROSE LATTICE
A. Localized States and Return Probability on
Penrose Lattice
For the two dimensional quasicrystals, It has been re-
ported that there exists three kinds of eigenstates: ex-
tended, localized and neither localized nor extended (crit-
ical) [21] [23]. If the initial state consists of some local-
ized eigenstates, it indicates this part of states will lo-
calize in some special areas instead of spreading over a
long distance no matter how long the system evolutes.
M.Kohmoto [21] defined a hopping Hamiltonian for in-
dependent electrons on a two-dimensional quasiperiodic
Penrose Lattice, where the hopping matrix elements tij
are the same value when the two nodes are connected
with a bond. The hopping Hamiltonian simplified the
problem and they found some analytical results for the
density of states: zero energy eigenstates consist of about
10% of the total number of states and are strictly local-
ized. Then M.Arai[23] continued to study this model and
proved that the eigenstates at zero energy are strictly lo-
calized and have amplitudes only on some specific nodes,
which are most three-degree nodes and some non-three-
degree nodes. Fig. 2 shows two exact eigenstates deduced
by Arai and Kohmoto, the probability amplitude on the
3FIG. 3. CTQW on Penrose Lattice: Initial node: the central
node in Fig.2(a),time=1000.
FIG. 4. CTQW on Penrose Lattice: the green node in
Fig.2(a),time=1000.
green node is 1√
10
and the probability amplitude on the
red node is − 1√
10
.
To verify M.Arai’s [23] conclusion, we choose different
initial nodes, the return probability on the 5-degree nodes
will be relatively small because most ”allowed nodes”
are three-degree nodes. Using Eq. 5 , in the long time
limit(T → ∞), Rj will be very small. It indicates that
the transport can be considered as efficient because the
”particle” will explore other parts away from the net-
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FIG. 5. Probability with Steps on the different nodes.Blue:
the initial node is the central one in Fig. 2(a);Red: the initial
node is the green one in Fig.2(a)
work instead of staying on the initial nodes. This effi-
cient transport is common in regular lattices, for regular
lattices, the eigenstates are plane waves because of the
existence of translational symmetry, the plane waves ex-
ist in the whole space and exhibit periodic oscillation,
using Eq. 5, the low bound tends to be zero along with
the increase of nodes. However, when the translational
symmetry is broken, the eigenstates are no longer plane
waves any more, if we choose a 3-degree node, which is
the red dot in Fig. 2(a), the low bound of the return
probability will be
∑
k |〈ψ0k|j〉|4, which means there will
be non-zero probability for the ”particle” to stay at the
initial node regardless the evolution time and the num-
ber of nodes. The results are shown in Fig. 3 and Fig. 4.
With the introduction of rotational symmetry, the nodes
on the graph are not equal to each other any more, some
nodes(3-degree) can be considered as ”inefficient nodes”
while some nodes(5-degree) can be considered as ”effi-
cient nodes”, this difference from regular graphs(which
correspond to usual lattices with translational symme-
try) can be ascribed to the localized states caused by the
rotational symmetry.
Fig. 3 and Fig. 4 show the probability on every nodes
with different initial excitations. In Fig. 3, the distri-
bution shows a diffusive trend, the probability decays to
very small value in the long time limit. On the other
hand, the distribution in Fig. 4 always oscillates between
a certain value. The probability on the initial node is
shown in Fig. 5. Since most ”confined states” locate [23]
on three degree nodes instead of on the five-degree nodes,
if we the initial node is the red node in Fig. 2(a), the prob-
ability Rj in the long time limit will be larger than the
condition that the initial node is the central one. Fig. 5
indicates that the probability oscillates around a larger
value when the initial node is on the confined states,
which is the green or red node in Fig. 2(a). Consider-
ing the long time limit, using Eq.5 and Fig.2, the low
bound of Rj should be |〈1| 1√10 〉|4 = 0.01, which is the
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FIG. 6. The relationship between pi(t) and time with different
models.
Black:a=1;b=1.618;c=0.85;
Red:a=1;b=c=0;
Blue:a=1;b=1.618;c=0.
green dashed line in Fig. 5.
It is shown that Rj of green/red initial node is relative
larger than the expected bound, this may indicate there
exists other localized eigenstates who have their probabil-
ity amplitudes on the green/red node. When the initial
node is the central node, Rj can be lower than the green
dashed line during the evolution(which equals to be less
than 0.01), this suggests that in the subspace E0, the
sum
∑
k |〈ψ0k|central node〉| is a relatively small value.
B. Degeneracy Of States and Inefficient Transport
Up to now, we have only considered the evolution of
single excitation node. For efficiency of quantum ran-
dom walk, the average return probability pi(t) is a good
measurement, where pi(t) = 1N
∑N
j=1 pij,j(t).
In Ref[22], it has been proved that systems whose
eigenvalues have the same degeneracy lead to very ef-
ficient transport while networks whose density of states
contains few highly degenerate eigenvalues will lead to
inefficient performances of quantum walks. Considering
the long time average(LTA) of pi(t):
χ ≡ lim
T→∞
1
T
∫ ∞
0
dtpi(t) (6)
Using Cauchy-Schwarz inequality and we have the low
bound:
pi(t) ≥ | 1
N
∑
j
αj,j |2 ≡ | 1
N
∑
n
e−iEnt|2 ≡ |α(t)|2 (7)
Ref [2] has proved that the envelop of |α(t)|2 will decay
much quicker than its classical counterpar. As a result,
quantum walk can be considered to be more efficient than
the corresponding classical random walk. Since pi(t) de-
cays very quickly in time, the average probability to find
a
b
FIG. 7. Sketch of near hopping term a, b and c
the excitation at any node but the initial node increases
quickly. As a result, transport on these networks can be
considered as efficient. In contrast, if these quantities de-
cay very slowly, we regard the transport on network as
being inefficient [25].
Ref [21] has proved that there are about 10% of all eigen-
states at En = 0. Assuming there is only one highly de-
generate eigenvalue on Penrose Lattice, then for a lattice
with N nodes:
α(t) =
1
N
[D0e
−iE0t +
∑
En 6=E0
Dne
−iEnt] (8)
where D0 is the degenerate degree at E0 = 0, Dn is the
degeneracy of En(En is the eigenvalue) and
D0
N ≈ 10%,
up to order O(1/N)2:
|α(t)|2 ≈ D0
N2
{D0 +
∑
En 6=Eo
Dn2cos[Ent]} (9)
Therefore, for one highly degenerate eigenvalue condi-
tion, α(t) will fluctuate about D0N and the low bound
|α(t)|2 will fluctuate for all times about (D0N )2.
From the above discuss, the excitation will not ex-
plore parts of the Penrose Lattice away from the initial
nodes very quickly and the efficiency is not as efficiently
as the regular networks. Considering the degeneracy
of the eigenstates of the Penrose Lattice dominates the
temporal behaviour, the quantum walk on Penrose Lat-
tice(on average) has larger probability to stay on the ini-
tial nodes than quantum walk on regular lattices, which
means the quantum walk on Penrose Lattice is inefficient.
This difference from regular lattices is caused by the bro-
ken of translational symmetry. For a two dimensional
lattice with translational symmetry, the eigenstates of
these graphs are plane waves and the degeneracy is two
for every eigenvalue except E = 0(whose degeneracy is
one). Not only does broken of rotational symmetry break
the extended eigenstates, it also induces the non-uniform
degree distribution, which results in highly degenerate
5FIG. 8. Rj of different nodes using Model:a=1;b=c=0;
eigenvalue at E = 0 and weakens the transportat effi-
ciency of quantum walk.
IV. NEIGHBORHOOD INTERACTION
A. Average return probability of universal model
From Fig.1, the distances between nodes have different
values. Our previous discussions are based on a simplified
hopping model. However, from a more practical view,
when the distance between two nodes is close to or even
smaller than the edge of the rhombus(EOR), the hopping
rate between them should not be zero. The particle ought
to have a certain probability to jump to the other node.
The introduction of new hopping terms may influence the
transportat efficiency and result in a ”phase transition”
like Ising model. In order to be closer to the true physical
condition, we define a more universal model:
• when the node i and j are on both sides of the
rhombus, which means the distance between them
is the EOR, tij=a;
• when the node i and j are on the short diago-
nal of the ”thin rhombus”(the blue dashed line in
Fig. 7), which means the distance between them is
2 ∗ Sin(18◦) of the EOR, tij=b;
• when the node i and j are on the short diago-
nal of the ”fat rhombus”(the red dashed line in
Fig. 7), which means the distance between them
is 2 ∗ Sin(36◦) EOR, tij=c;
• otherwise tij = 0.
FIG. 9. Rj of different nodes using Model:a=1;b=1.618;c=0;
FIG. 10. Rj of different nodes using
Model:a=1;b=1.618;c=0.85;
Here we calculate the pi(t) using different models. The
results are shown in Fig.6, the pi(t) becomes much smaller
after we introduce the near hopping terms. When
b= 12∗Sin(18◦) = 1.618, χ decays from 0.026 to 0.016, us-
ing Eq.7 and 9, the upper bounds of D0N are 16.1% and
12.7%. After we introduce c= 12∗Sin(36◦) , the χ decays
sharply to 0.0040, which means the upper bound of D0N
is 6.3%. This suggests the high degeneracy at E = 0 no
longer exists and breakdown of inefficient transport.
6Proportion a=1;b=0,c=0 a=1;b=1.618;c=0 a=1;b=1.618;c=0.85
≥0.015 38.6% 13.7% 13.0%
≥0.030 22.0% 2.5% 0.5%
≥0.045 13.8% 1.4% 0.3%
≥0.060 8.4% 0.6% 0.2%
≥0.075 4.0% 0.6% 0%
≥0.090 0.6% 0.4% 0%
TABLE I. Proportion of nodes under different hopping pa-
rameters
From Eq.7, since χ decays to a small value and the
inefficient transport breaks down, the average return
probability ought to show a downtrend. The long time
limit of return probability on all nodes using the three
models are shown in Fig. 8, 9 and 10. For the con-
dition(a=1,b=0,c=0), as discussed in Sec.III A, due to
most strict localized eigenstates locate on the three-
degree nodes, these nodes’ return probability is relatively
high(larger then 0.05). While for other two conditions,
after introducing the near hopping term b and c, the re-
turn probability becomes smaller than the previous con-
dition. For the model:a=1,b=1.618,c=0, some 7-degree
nodes have relative high return probability, which sug-
gests there may exist localized states on these nodes.
The proportions of different Rj are shown in Table. I.
It is noticed that there are obvious differences on the
proportion of Rj larger than 0.015. For the model
a=1,b=0,c=0, the proportion is 38.6%, for the other
two models, the value is about 13%. The nodes whose
Rj is larger than 0.045 consist about 13% in model
a=1,b=0,c=0 and are less then 1.5% in the other two
models.
Does the introduction of new hopping term always
make the transport more efficient? From the above dis-
cussion, the new hopping terms b and c low the degen-
eracy at E = 0 and eliminate the localized states. In
Fig. 11, we present the evolution of pi(t) under a relative
small time period. It is shown that the model with b=1.0
and c=0.5 oscillates around the smallest value, which in-
dicates the transport under this model can be considered
as the most efficient one.
It is also noticed that the efficiency are non-
monotonous with b or c. For example, the LTA of pi(t)
using model b=0.5 c=1.0(the blue line in Fig. 11) is larger
than the model b=0.5, c= 0.5(the black line in Fig. 11),
the increase of hopping parameter c does not make the
transport more efficient. Also, when hopping term is a
constant(0), with increase of b, pi(t) first decays to a small
value and then increases.
As shown in Fig.9, over 99% sites’ Rj are less than
0.06 after introducing the near hopping term b; however,
more than 13% nodes’ Rj in Fig.8 are larger than 0.06.
The introduction of hopping term c lowers the LTA of
return probability further, it decreases and is less than
0.03 for most nodes. This result suggests the vanish of
strict localized eigenstates at E = 0. Also, it indicates
the high degeneracy at E = 0 no longer exists.
5 0 5 1 5 2 5 3 5 4 5 5 5 6 5 7 5 8 5 9 6 00 . 0 0 0
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FIG. 11. Evolution of pi(t) under different hopping parame-
ters(a=1)
FIG. 12. χ with different near hopping strength.
B. Transition from inefficient to efficient transport
From the above discussion,we know that the transport
efficiency are non-monotonous with b or c, so it is inter-
esting for us to find the ”most efficient” hopping terms.
Generally, a high probability for an excitation to remain
at the initial node indicates inefficient transport while
the small probability suggests the opposite. From Eq. 6,
we can characterize a network’s transport efficiency by
using the χ [26] . Since the hopping term b and c play
fundamental roles in the transport properties, the effi-
ciency can by tuned by adjusting these two parameters.
From Fig.12, the areas of the contour plot are divided
7into several parts, ranging from less than 0.01 to larger
than 0.03, using Eq. 7, the degeneracy D0N is less than
10% and over 17%. When b is 0.5 and c is 2.0, χ is
larger than the simplified model a=1, b=c=0, indicat-
ing the raise of the D0N , which is in agreement with the
non-monotonicity conclusion. The results show that the
inefficient transport on Penrose Lattice can be enhanced
or weakened by adjusting the hopping strength to the
near nodes.
The contour plot is not isotopic, different areas have
obvious differences in the density of the contour lines.
From Fig. 12, the red arrow and the yellow indicate two
paths from efficient to inefficient transport. However,
the lengths of this two pathes vary widely. The gradients
along the blue and yellow arrow are very steep, there
also exists other paths which are sensitive to the hop-
ping strength(the pink arrow), these directions suggest
the little variation can result in an obvious change in
the transport property. However, if the hopping terms
change along the red arrow, the efficiency changes little
and thus can be considered as insensitive.
V. CONCLUSIONS AND DISCUSSIONS
We generated quantum walk on the 2D Penrose Lattice
and found that quantum walk can be considered as in-
efficient with the absence of the translational symmetry.
The extended eigenstates and little degeneracy in regu-
lar lattice no longer exist. Both strict localized eigen-
states and the high degeneracy at E = 0 contribute to
the inefficient quantum walk. The numerical simulation
of the return probability from given excitation is in line
with the analytical calculation. Estimations of the de-
generacy of eigenstates are also obtained, we calculated
a lower bound for the average probability to be still or
again at the initial node after some time and the aver-
age return probability. The low bound depends on the
localized states and high degeneracy and agrees qualita-
tively well with the exact value. By introducing the near
hopping terms and defining the χ to measure the trans-
port properties, we found the efficiency can be enhanced
or weakened by adjusting the hopping parameters. Here
we also found there exists some directions which can be
considered as more sensitive, when we adjust the hop-
ping parameters along these directions, the efficiency of
CTQW varys greatly.
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